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The Schro¨dinger-Newton equation is a proposed model to explain the localisation of macroscopic
particles by suppressing quantum dispersion with the particle’s own gravitational attraction. On
cosmic scales, however, dark energy also acts repulsively, as witnessed by the accelerating rate of
universal expansion. Here, we introduce the effects of dark energy in the form of cosmological
constant Λ, that drives the late-time acceleration of the universe, into the Schro¨dinger-Newton
approach. We then ask in which regime dark energy dominates both canonical quantum diffusion
and gravitational self-attraction. It turns out that this happens for sufficiently delocalised objects
with arbitrary mass and that there exists a minimal delocalisation width of about 67 meters. While
extremely macroscopic from a quantum perspective, the value is in principle accessible to laboratories
on Earth. Hence, we analyse, numerically, how the dynamics of an initially spherical Gaussian
wave packet is modified in the presence of Λ > 0. A notable feature is the gravitational collapse
of part of the wave packet, in the core region close to the centre of mass, accompanied by the
accelerated expansion of the more distant shell surrounding it. The order of magnitude of the
distance separating collapse from expansion matches analytical estimates of the classical turnaround
radius for a spherically symmetric body in the presence of dark energy. However, the time required
to observe these modifications is astronomical. They can potentially be measured only in physical
systems simulating a high effective cosmological constant, or, possibly, via their effects on the
inflationary universe.
I. INTRODUCTION
Quantum theory places no restrictions on the extent to
which particles can be superposed in space, yet macro-
scopic objects are never observed delocalised. A num-
ber of solutions to this puzzle have been suggested both
within the canonical quantum formalism, e.g. decoher-
ence [1, 2] and the theory of coarse-grained measure-
ments [3–8], as well as outside it, e.g. the so-called col-
lapse models [9]. The latter class includes theories with
no free parameters in which gravitational self-interaction
counters the spread of the quantum wave function, effec-
tively “collapsing” quantum superpositions [9–14]. One
such way of coupling gravity to the quantum description
is the semi-classical approach proposed by Møller [13] and
Rosenfeld [14], that results in the Schro¨dinger-Newton
(SN) equation in the static weak-field limit [11]. In this
model, even a single massive quantum particle interacts
with the mass distribution that it generates. The mod-
ified Schro¨dinger equation involves the Newtonian grav-
itational potential with mass distribution ρm = m|ψ|2,
where m mass of the particle and |ψ|2 is the probabil-
ity density of finding it in a particular spatial location,
according to the standard Born rule.
Here, we extend the SN approach to include the ef-
fects of dark energy in the form of a positive cosmolog-
ical constant, Λ > 0. In 1998, redshift observations of
type Ia supernovae found that our universe is expanding
at an accelerating rate [15, 16] and a wealth of cosmo-
logical data, including analyses of large-scale structure
[17], baryon acoustic oscillations [18], and the cosmic mi-
crowave background (CMB) radiation [19], now support
this view. Dark energy, an unknown form of energy per-
meating the whole of space, is suspected to account for
this expansion. Although many models of dark energy
exist in the literature [20] we focus here on the simplest
one, known as the Lambda Cold Dark Matter (ΛCDM)
“concordance” model [21]. This includes an additional
cosmological constant term (∝ Λgµν) in the gravitational
field equations derived from the usual Einstein-Hilbert
action [22]. In the static weak-field limit this contributes
an additional (repulsive) term to the (attractive) Newto-
nian potential of a compact spherically symmetric body.
The new term is proportional to Λ and to square of the
radial distance, i.e. ΦΛ ∝ Λr2 [23].
A particle described by the resulting Schro¨dinger-
Newton-de Sitter (SNdS) equation, which we introduce
below, qualitatively experiences three tendencies in its
dynamics: its wave packet tends to spread as a result
of both canonical quantum dispersion and dark energy,
whereas Newtonian gravity tends to localise the object.
We conduct an analysis similar to Carlip’s [24], which
compares the effects of these localising and delocalising
tendencies, and which allows us to estimate the exper-
imental parameters for which the dark energy contri-
bution dominates. This results in a clear requirement,
namely that the macroscopic spread of the wave function
must be no less than 67 meters, regardless of the parti-
cle’s mass. We stress that the analysis puts no limits on
the mass of the particle, i.e. the quantum dynamics of
any particle wave function could (in principle) manifest
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2observable effects due to dark energy repulsion. In par-
ticular, for an object of mass of the order of 10−20 kg,
dark energy dominates already for the initial width of 67
meters.
Of course, quantum experiments at such macroscopic
scales are extremely difficult, but there is no fundamental
reason against their execution in a very isolated labora-
tory. This hints at an in principle possibility to observe
dark energy effects within a terrestrial setup. Hence, we
numerically compute the evolution of an initially spher-
ical Gaussian wave function (with an initial width of 75
meters), according to SNdS equation, and systematically
study deviations of the particle dynamics from both SN
and canonical quantum evolution. The results are sen-
sitive to the mass of the particle and demonstrate both
faster-than-quantum expansion of the wave packet as well
as gravitational collapse of the wave packet core, together
with accelerated expansion of the outer shell, for parti-
cles beyond a threshold mass of order 2× 10−21 kg. Esti-
mates of the separation distance between the collapsing
and expanding parts are given in terms of the classical
turnaround radius, which are in harmony with our nu-
merical results.
Unfortunately, all these effects become clearly distin-
guishable from the canonical and SN dynamics only af-
ter the particle has evolved for astronomically long du-
rations. We therefore hope that our analysis will stimu-
late discussions on shortening the required time and note
that these effects may (again, in principle) be simulated
in analogue gravitational systems, see e.g. [25–30] for the
analogs of the expanding universe. Since a bigger effec-
tive cosmological constant gives rise to more noticeable
differences at earlier epochs, our analysis may also be rel-
evant to studies of quantum perturbations generated by
cosmological inflation [31].
II. THE SCHRO¨DINGER-NEWTON-DE SITTER
EQUATION
We begin by extending the SN equation to include the
cosmological constant. The treatment assumes a single
particle of mass m in the presence of dark energy, in
the form of a constant energy density sourced by Λ >
0. Following Møller [13] and Rosenfeld [14] our starting
point is the semiclassical formulation of the Einstein field
equations:
Gµν + Λgµν =
8piG
c4
〈ψ| Tˆµν |ψ〉 . (1)
Here, Gµν = Rµν+(1/2)Rgµν is the Einstein tensor, Rµν
is the Ricci tensor, R = Rµµ is the scalar curvature, and
gµν is the metric tensor. We denote Newton’s constant
by G and Tˆµν is the energy-momentum tensor operator,
whose expectation value in the state |ψ〉, describing the
particle, enters on the right-hand side of Eq. (1). This is
interpreted as treating the gravitational field classically
while matter is described quantum mechanically. Taking
the static weak-field limit, we execute steps analogous to
those leading to the Newtonian limit (which is recovered
by setting Λ = 0) found in textbooks on general relativ-
ity [32]. This reduces Eq. (1) to the following equation
for the effective potential Φ(~r, t):
∇2Φ(~r, t) = 4piGm|ψ(~r, t)|2 − Λc2 . (2)
That is, m|ψ(~r, t)|2 plays the role of the mass distribu-
tion in the usual Poisson’s equation for the Newtonian
potential and the second term arises due to dark energy.
The latter is independent of the sourcing mass, in agree-
ment with its origin as a property of space [23]. Eq. (2)
admits the following solution:
Φ(~r, t) = −Gm
∫ |ψ(~r ′, t)|2
|~r − ~r ′| d
3~r ′ +
Λc2
4pi
∫
1
|~r − ~r ′|d
3~r ′.
(3)
Finally, we define the SNdS equation as the Schro¨dinger
equation for our quantum particle of mass m, with the
effective potential introduced above, i.e.
i~
∂
∂t
ψ(~r, t) =
(
− ~
2
2m
∇2 +mΦ(~r, t)
)
ψ(~r, t) , (4)
where Φ(~r, t) is given by Eq. (3). Clearly, by setting Λ =
0, we recover the standard SN equation. The particle is
said to self-interact as, in this model, it propagates within
a potential generated by itself. This leads to nonlinear
evolution of the quantum state, which is explicitly visible
after plugging (3) into (4). Hence, we must deal with a
complicated integro-differential equation of motion, with
little hope for analytical exploration, though see ref. [33]
for attempts in this direction. Therefore, in order to
compute the dynamics of an object evolving under the
SNdS equation, we closely follow the numerical method
presented in the thesis by Salzman [34].
For simplicity, the initial state is chosen to be a three-
dimensional spherically symmetric Gaussian wave func-
tion:
ψ(r, 0) =
(α
pi
)3/4
e−αr
2/2, (5)
where the initial width σ is given by σ = α−1/2 and
r is the radial distance. Under spherical symmetry the
effective potential (3) also depends only on r and Eq.
(4), which must be solved numerically, contains only one
variable. However, the effects induced by the cosmologi-
cal constant are typically hard to observe due to its ex-
tremely small value. We recall that the numerical value
of the cosmological constant, inferred from observations
of type Ia supernovae [15, 16], large-scale structure [17],
and the CMB [19], is Λ = 1.089 × 10−52 m−2. It would
therefore be useful to have an estimate of the size of the
initial width and the mass of the particle for which Λ can
produce noticeable changes in ψ(r, t). We now provide
such an estimate by following an argument analogous to
that introduced by Carlip [24], but with Λ > 0.
3III. ESTIMATION OF THE MINIMAL WIDTH
In canonical quantum theory the initial spherical Gaus-
sian wave function spreads outwards under free evolu-
tion according to the Schro¨dinger equation. This spread
is characterised by the “accelerating” peak of the radial
probability density rp:
aSE ∼ ~
2
m2r3p
. (6)
In the SN approach there is a competing tendency due
to gravitational self-interaction which can be estimated
as gravitational acceleration towards the center (r = 0)
at the point rp:
aSN ∼ −Gm
r2p
. (7)
Here, we assume that essentially all the mass is within a
radius of order rp and note that slightly better accuracy
is obtained from Gauss’s law by taking into account the
actual fraction of the mass within the range 0 < r ≤ rp
(see Appendix A).
Finally, from the dark energy part of the effective po-
tential, one obtains the outward acceleration given by:
aΛ ∼ 1
3
Λc2rp. (8)
Combining these three estimates, and keeping in mind
that, at t = 0, the peak of the radial probability density,
rp, is equal to the width σ of the spherical Gaussian,
we can now estimate the regime in which the accelera-
tion due to dark energy dominates the accelerations due
to both Newtonian gravity and canonical quantum diffu-
sion. Fig. 1 shows the mass-width relations for pairwise
accelerations to be of the same order of magnitude. The
main finding is that there exists a critical initial Gaussian
width such that the acceleration induced by the cosmo-
logical constant dominates for a certain mass range. This
critical width is approximately 67 meters.
Therefore, one expects a Gaussian wave function with
an initial width greater than the critical value to evolve
identically to that of a free particle for small masses, since
the acceleration due to quantum dispersion dominates in
this region. As the mass is increased, the acceleration
due to dark energy starts to dominate canonical quantum
diffusion and, finally, for even larger masses, gravitational
acceleration dominates and the evolution reduces to the
SN case. With this in mind, we now study the SNdS
evolution of a wave function with an initial width of 75
meters, corresponding to α = 1.78× 10−4 m−2.
IV. DARK ENERGY EFFECTS
We have validated our numerical approach by perform-
ing simulations of the SN equation in the regimes previ-
ously studied in the literature. All the results are in
good agreement with ref. [35]. For completeness, these
are summarised in Appendix B, where we also discuss the
oscillating solutions in more detail, and give an intuitive
physical explanation for their appearance in the SN and
SNdS models.
In short, the wave function of a particle obeying the SN
equation undergoes one of three possible, qualitatively
different, evolutions. It either spreads more slowly than
the wave function of a canonical quantum particle of the
same mass, or its peak radial probability oscillates about
an equilibrium distance, or, finally, it collapses gravi-
tationally towards the centre of mass. We note that,
even in the SN model (with Λ = 0) the timescale of
gravitational collapse, for particles with masses of order
10−20 kg and initial width of 75 m, is of the order of
1017 seconds, i.e., comparable to the de Sitter time scale,
tdS = c
−1√3/Λ ∼ 1017 s, which in turn is comparable to
the present age of the universe [23].
In the presence of a positive cosmological constant, the
SNdS equation gives rise to two effects that are distinct
from both canonical quantum theory and evolution un-
der the SN equation. Table I systematically summarises
the obtained numerical results. The first effect is present
for masses in the range ∼ 2×10−21 kg to ∼ 3×10−20 kg
and shows that they spread faster than the corresponding
free quantum particle, i.e. the peak of the radial proba-
bility density moves away from the origin faster than the
canonical prediction. Since the spread in SN dynamics is
never as fast as in the canonical theory, this effect is due
to dark energy. In Fig. 2, we present results of numer-
ics that clearly show the excessive expansion of the wave
packet in the presence of the cosmological constant. Note
that the time scale for the onset of this characteristic ef-
fect is also comparable to the de Sitter time and hence,
for Λ ∼ 10−52 m−2, to the present age of the universe
∼ 1017 s.
For masses above 4 × 10−20 kg gravitational interac-
tion starts to play a significant role in the evolution of
the wave function. Since the Newtonian potential is in-
versely proportional to the radial distance, whereas the
dark energy potential is proportional to square of the
radial distance, canonical gravitational attraction dom-
inates for small radii while the repulsive effects of dark
energy become significant at large radii. Therefore, given
a Gaussian wave packet with a sufficiently large initial
width, one expects a core region of the wave packet,
within some critical radius close to the center of mass,
to collapse, while the surrounding outer shell, which lies
outside the critical radius, continues to expand away from
the center. This is exactly what we observe in the nu-
merics up to masses of order 1× 10−19 kg.
Furthermore, the inner core exhibits the same (qualita-
tive) dynamics as observed in the SN model, whereas the
parts of the wave packet lying at relatively large radial
distances tend to spread faster than in the canonical free
particle case. An example of such an evolution is given in
Fig. 3. We note that, for masses above 6× 10−20 kg, the
peak of the collapsing radial probability density oscillates
4FIG. 1. The minimal width of the initial wave function required for dark energy to dominate quantum diffusion and gravitational
self-attraction. The blue dashed line gives the relation between the mass of the particle and the initial width for which the
(repulsive) accelerations due to the canonical quantum spread and due to dark energy are of the same order of magnitude, i.e.
aΛ = aSE. Dark energy dominates above this curve. Similarly, the acceleration due to dark energy dominates gravitational
acceleration below the red solid line, which is obtained by setting aΛ = |aSN|. The shaded region shows where aΛ is higher
than the absolute values of the other accelerations. This only happens for an initial width above ∼ 67 meters.
TABLE I. Features of dynamical evolution under the SNdS
equation with an initially spherically symmetric Gaussian
wave function of width σ = 75 m (α = 1.78 × 10−4 m−2).
The comparison is made to a free particle in canonical quan-
tum mechanics.
Mass Behaviour
Below 1× 10−21 kg Identical to free particle
2× 10−21 kg to 3× 10−20 kg Spreads faster than free
particle
4× 10−20 kg to 5× 10−20 kg Inner core of the wave
function spreads slower
than the free particle while
the other shell spreads
faster
6× 10−20 kg to 1× 10−19 kg Inner core of the wave
function collapses under
self-gravity while the outer
shell spreads faster than
in canonical quantum
mechanics
∼ 2× 10−19 kg Chaotic
Above 3× 10−19 kg Stationary
about an equilibrium position, in full analogy to the SN
case. An in depth analysis of this result is presented in
FIG. 2. Excessive expansion of the wave function in the pres-
ence of dark energy. We numerically simulated the SNdS evo-
lution of a spherically symmetric Gaussian wave packet with
initial width σ = 75 m, for a particle of mass m = 1× 10−20
kg. The black dots give the position of the peak radial proba-
bility density for a particle evolving under the SNdS equation.
The blue dots follow the analytical solution for the peak prob-
ability density of a free particle, with the same parameters,
evolving under the Schro¨dinger equation. Note the astronom-
ical time scale.
5Appendix B. In general, we find that the larger the mass,
the larger the fraction of the wave function that collapses.
One would therefore expect that, for a sufficiently large
mass, the fraction of the wave packet that spreads away
would vanish, so that the whole system undergoes grav-
itational collapse, i.e., that evolution under the SNdS
equation reduces to SN evolution for sufficiently large m.
However, unfortunately, this regime cannot be reached
with our present numerical procedures.
We also would like to comment that the features listed
in the last two rows of Table I are most likely artifacts
of the numerics. By “chaotic” we mean that it is not
possible to describe the dynamical evolution in simple
terms whereas in the “stationary” regime we observe no
changes of the wave function within the simulation time.
Similar effects (also considered to be numerical artifacts)
were observed by Salzman [34].
Finally, we explain the origin of the critical distance
in Fig. 3 which demarcates the boundary between col-
lapse and expansion. In the presence of dark energy,
there exists a maximum radius around a spherical mass
distribution, outside of which a probe mass is always re-
pelled. This is the region in which the repulsive effects
of dark energy dominate the Newtonian gravitational at-
traction. For classical systems, this maximum stable ra-
dius is known as the turnaround radius [36]. In the case of
the Schwarzschild-de Sitter spacetime, which represents
the gravitational field around a quantum “particle” in
our model, it is given by
r↔ =
(
3GM
Λc2
)1/3
. (9)
This expression can also be obtained, in the weak-field
limit, by simply equating |aSN| and aΛ, given by Eqs.
(7) and (8), respectively. Similarly, one can introduce
a quantum mechanical turnaround radius from the re-
quirement that the outward acceleration, being the sum
aSE + aΛ, balances the inward acceleration |aSN|. How-
ever, since aSE decays with the radial distance faster than
the other accelerations, the classical turnaround radius is
expected to be a good estimate (or small overestimate)
of the distance above which the dark energy dominates,
also for quantum wave functions. Indeed, for a mass of
m = 5× 10−20 kg, the classical turnaround radius is 100
meters, in good agreement with Fig. 3.
V. CONCLUSIONS
We have incorporated dark energy in the form of cos-
mological constant in the Schro¨dinger-Newton approach.
In our model, the dynamics of a quantum particle is de-
termined by a nonlinear Schro¨dinger-like equation, with
an effective potential including both Newtonian self-
gravity and dark energy contributions. We dubbed this
the Schro¨dinger-Newton-de Sitter (SNdS) equation. We
then estimated the particle mass, as well as the initial
FIG. 3. Combined effect of gravity and dark energy. The
plot presents radial wave functions at four time instances for
a particle with initial spread σ = 75 m and massm = 5×10−20
kg. Part of the wave function near the origin gravitationally
collapses whereas the part further away expands due to dark
energy. The boundary is at a distance of about 100 metres
and matches the classical turnaround radius, as explained in
the text. Note the astronomical time scale.
width of a spherically symmetric Gaussian wave func-
tion, for which the dark energy contribution dominates
both canonical quantum diffusion and Newtonian self-
interaction. Surprisingly, we found that, while there are
no fundamental restrictions on the mass, the initial width
must be larger than a critical value of approximately 67
metres. If this condition is satisfied, two distinctive phe-
nomena witnessing dark energy emerge in the resulting
dynamics. The first is the faster-than-quantum spread
of the wave function and the second combines gravita-
tional collapse of the inner core of the wave packet, close
to the center of mass, with the accelerated spread of the
outer shell, lying outside a given critical radius. In addi-
tion, we showed that the boundary between the collaps-
ing and expanding parts is well estimated by the classical
turnaround radius.
Unfortunately, both of these effects take an astronom-
ically long time to accumulate observable differences be-
tween SNdS and canonical quantum or SN-like evolution.
According to our numerics, the required time is of the or-
der of the age of the universe, which is comparable to the
de Sitter time scale, tdS = c
−1√3/Λ ∼ 1017 s. This can
also be understood analytically since, in the asymptotic
de Sitter phase corresponding to the present rate of uni-
versal expansion, the Friedmann equation determining
the evolution of the scale factor of the universe reduces
to a¨(t) ' c2(Λ/3)a(t) [37]. This is easily solved to obtain
a(t) ∝ exp (t/tdS). Similarly, Eq. (8) may be rewritten
as r¨p(t) ' c2(Λ/3)rp(t), yielding rp(t) ∝ exp (t/tdS) for
the late-time evolution of rp(t), in good agreement with
the results presented in Fig 2.
6Nevertheless, it is possible that these effects could be
simulated in analogue gravity systems with larger effec-
tive cosmological constants, see e.g. [25–30]. There may
also exist precision experiments which considerably re-
duce the time requirement, though it seems challenging
to design a scheme capable of revealing the presence of Λ
in a terrestrial laboratory within the timeframe of, say,
one human generation.
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Appendix A: Correction to the gravitational
acceleration in the SN approach
The expression for the Newtonian gravitational accel-
eration, Eq. (7) in the main text, assumes that all the
mass sources the gravitational force. But, according to
Gauss’s law, only the mass within the radius rp is rel-
evant for the spherically symmetric mass distributions
considered here. This effective mass is therefore given by
ζm, where
ζ = 4pi
∫ rp
0
|ψ(r, 0)|2r2dr . (A1)
In Appendix B, we use this effective mass to improve our
estimate of the equilibrium distance in the SN dynamics.
Appendix B: Validation of our numerics:
reproducing SN evolution with Λ = 0
In order to validate our numerics, we have simu-
lated the SN equation for the initial spherically sym-
metric Gaussian wave packet with width σ = 0.5 µm
(α = 4 × 1012 m−2). The results are in good agreement
with those obtained in ref. [35] (see also [38]). A sum-
mary of observed features for different masses is given in
Table II.
Let us briefly discuss the “oscillating” behaviour of the
wave function, observed for m ∼ 2×10−17 kg, see Fig. 4.
Qualitatively, one expects this as a result of the unstable
equilibrium between the accelerations aSE (6) and aSN (7)
introduced in the main text. Indeed, the outward accel-
eration aSE dominates for small distances whereas the in-
ward acceleration aSN dominates at large distances. The
order of magnitude of the equilibrium distance is given
by req ∼ ~2/Gm3. This implies that, for large masses,
TABLE II. Observed dynamics of a particle initially in a
spherically symmetric Gaussian state of width σ = 0.5 µm, for
different masses, according to the SN equation. The compari-
son is made to the case of a free particle in canonical quantum
theory. The oscillatory behaviour refers to oscillations of the
peak of the radial probability density, see Fig. 4.
Mass Behaviour
Below 3× 10−18 kg Identical to free particle
3× 10−18 kg to 1× 10−17 kg Spreads slower than free
particle
∼ 2× 10−17 kg Oscillates
3× 10−17 kg to 9× 10−17 kg Collapses towards the
centre of mass
1× 10−16 kg to 4× 10−16 kg Chaotic
Above 5× 10−16 kg Stationary
req is extremely close to the origin and gravitational ac-
celeration dominates nearly everywhere in space. On the
other hand, for small masses, req is extremely far away
from the origin and the outward acceleration dominates
nearly everywhere in space causing the wave packet to
spread indefinitely. For our mass of m = 2 × 10−17 kg,
this estimate gives req = 2× 10−8 m, which is one order
of magnitude away from the numerical finding. However,
not all of the mass contributes to the acceleration at rp
and, following Appendix A, we obtain an effective mass
of 8.6×10−18 kg, together with the corresponding radius
of equilibrium, req = 2.62× 10−7 m.
FIG. 4. The evolution of the peak of the radial probability
density for a particle of mass 2× 10−17 kg evolving under the
SN equation.
7[1] W. H. Zurek, “Decoherence and the transition from quan-
tum to classical,” Phys. Today 44, 36 (1991).
[2] M. Schlosshauer, Decoherence and the quantum-to-
classical transition (Springer, 2007).
[3] A. Peres, Quantum Theory: Concepts and Methods
(Kluwer Academic, Dordrecht, 1995).
[4] D. Poulin, “Macroscopic observables,” Phys. Rev. A 71,
022102 (2005).
[5] J. Kofler and Cˇ. Brukner, “Classical world arising out of
quantum physics under the restriction of coarse-grained
measurements,” Phys. Rev. Lett. 99, 180403 (2007).
[6] J. Kofler and Cˇ. Brukner, “Conditions for quantum vi-
olation of macroscopic realism,” Phys. Rev. Lett. 101,
090403 (2008).
[7] M. Navascue´s and H. Wunderlich, “A glance beyond the
quantum model,” Proc. R. Soc. A 466, 881–890 (2009).
[8] R. Ramanathan, T. Paterek, A. Kay, P. Kurzyn´ski, and
D. Kaszlikowski, “Local realism of macroscopic correla-
tions,” Phys. Rev. Lett. 107, 060405 (2011).
[9] A. Bassi, K. Lochan, S. Satin, T. P. Singh, and H. Ul-
bricht, “Models of wave-function collapse, underlying
theories, and experimental tests,” Rev. Mod. Phys. 85,
471 (2013).
[10] F. Ka´rolyha´zy, “Gravitation and quantum mechanics of
macroscopic objects,” Il Nuovo Cimento A (1965-1970)
42, 390–402 (1966).
[11] L Dio´si, “Gravitation and quantum-mechanical local-
ization of macro-objects,” Phys. Rev. A 105, 199–202
(1984).
[12] R. Penrose, “On gravity’s role in quantum state reduc-
tion,” Gen. Relativ. Gravitation 28, 581–600 (1996).
[13] C. Møller et al., “Les the´ories relativistes de la gravita-
tion,” Colloques Internationaux CNRS 91 (1962).
[14] L. Rosenfeld, “On quantization of fields,” Nucl. Phys. 40,
353–356 (1963).
[15] A. G. Riess, A. V. Filippenko, P. Challis, A. Clocchi-
atti, A. Diercks, P. M. Garnavich, R. L. Gilliland, C. J.
Hogan, S. Jha, R. P. Kirshner, et al., “Observational ev-
idence from supernovae for an accelerating universe and
a cosmological constant,” Astron. J. 116, 1009 (1998).
[16] S. Perlmutter, G. Aldering, G. Goldhaber, R. A. Knop,
P. Nugent, P. G. Castro, S. Deustua, S. Fabbro, A. Goo-
bar, D. E. Groom, et al., “Measurements of ω and λ from
42 high-redshift supernovae,” Astron. J. 517, 565 (1999).
[17] M. Betoule et al., “Improved cosmological constraints
from a joint analysis of the SDSS-II and SNLS super-
nova samples,” Astron. Astrophys. 568, A22 (2014).
[18] A. Heavens, R. Jimenez, and L. Verde, “Standard rulers,
candles, and clocks from the low-redshift universe,” Phys.
Rev. Lett. 113, 241302 (2014).
[19] N. Aghanim et al. (Planck), “Planck 2018 results. VI.
Cosmological parameters,” (2018), arXiv:1807.06209
[astro-ph.CO].
[20] L. Amendola and S. Tsujikawa, Dark energy, theory and
observations (Cambridge University Press, 2010).
[21] J. P. Ostriker and Paul J. Steinhardt, “Cosmic concor-
dance,” (1995), arXiv:astro-ph/9505066 [astro-ph].
[22] R.M. Wald, General Relativity (University of Chicago
Press, 1984).
[23] M. P. Hobson, G. P. Efstathiou, and A. N. Lasenby,
General relativity: An introduction for physicists (2006).
[24] S. Carlip, “Is quantum gravity necessary?” Class. Quan-
tum Gravity 25, 154010 (2008).
[25] P. O. Fedichev and U. R. Fischer, “Gibbons-Hawking
effect in the sonic de Sitter space-time of an expand-
ing Bose-Einstein-condensed gas,” Phys. Rev. Lett. 91,
240407 (2003).
[26] S. E. C. Weinfurtner, “Analog model for an expanding
universe,” Gen. Rel. Grav. 37, 1549 (2005).
[27] S. Finazzi, S. Liberati, and L. Sindoni, “Cosmologi-
cal constant: A lesson from Bose-Einstein condensates,”
Phys. Rev. Lett. 108, 071101 (2012).
[28] G. Jannes and G. E. Volovik, “The cosmological con-
stant: A lesson from the effective gravity of topological
weyl media,” JETP Lett. 96, 215 (2012).
[29] A. Belenchia, S. Liberati, and A. Mohd, “Emergent grav-
itational dynamics in a relativistic Bose-Einstein conden-
sate,” Phys. Rev. D 90, 104015 (2014).
[30] E. Dey, S. Liberati, and R. Turcati, “AdS and dS black
hole solutions in analogue gravity: The relativistic and
non-relativistic cases,” Phys. Rev. D 94, 104068 (2016).
[31] A. R. Liddle and D. H. Lyth, Cosmological inflation and
large scale structure (Cambridge University Press, 2000).
[32] J. B. Hartle, Gravity: An Introduction to Einstein’s Gen-
eral Relativity (Pearson Education, 2003).
[33] I. M. Mozor, R. Penrose, and P. Tod, “Spherically-
symmetric solutions of the Schro¨dinger-Newton equa-
tions,” Class. Quant. Grav. 15, 2733 (1998).
[34] P. J. Salzman, Investigation of the time dependent
Schro¨dinger-Newton equation (University of California,
Davis, 2005).
[35] D. Giulini and A. Großardt, “Gravitationally in-
duced inhibitions of dispersion according to a modified
Schro¨dinger–Newton equation for a homogeneous-sphere
potential,” Class. Quantum Gravity 30, 155018 (2013).
[36] S. Bhattacharya, K. F. Dialektopoulos, A. E. Romano,
C. Skordis, and T. N. Tomaras, “The maximum sizes of
large scale structures in alternative theories of gravity,”
J. Cosmol. Astropart. Phys. 2017, 018 (2017).
[37] J. N. Islam, An introduction to mathematical cosmology
(Cambridge University Press, 2005).
[38] P. J. Salzman and S. Carlip, “A possible experimental
test of quantized gravity,” arXiv:gr-qc/0606120 (2006).
